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It is well known, that quantization of string theory creates anomalies, destroying 
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^J Quantization of 4-dimensional Nambu-Goto theory of open string in light cone gauge, 

related in Lorentz-invariant way with the world sheet, is performed. Obtained quantum 
theory has no anomalies in Lorentz group. Determined spin-mass spectra of the theory 
have Regge-like behavior and do not contain the tachyon. Vertex operators of interaction 
theory, acting in the physical subspace, are constructed. 
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vQ [ classical symmetries of the system. Exception is a theory at critical value of space- 

f^ ' time dimension d = 26, where the anomalies are absent. To construct 4-dimensional 

CTN , quantum string theory, required in physical applications, one usually introduces 

additional degrees of freedom (such as fermion fields, propagating along the world 
sheet), whose contribution cancels the anomaly at less number of dimensions. This 
, approach can be combined with another idea: some of dimensions can be considered 

flj ' as coordinates on a compact manifold of physically negligible size. 

,S^ • There are also other methods of string quantization, which do not introduce 

extra dimensions or extra degrees of freedom, but use non-standard canonical bases 
l^ ' in the phase space of Hamiltonian mechanics as a starting point for quantization. 

'Oj , Such methods were applied in works a'BI for quantization of special subsets in the 

C^ I phase space, representing particular types of the world sheets. Distinctive features 

of these 4-dimensional theories are absence of anomalies in Lorentz group and non- 
fixed intercept in spin-mass spectrum, which gives a possibility to remove tachyon 
from the theory. Due to these features, the given approach can be used for a 
construction of relativistic models of hadrons S. 

In this work we will try to extend the methods l^'BI for the world sheets of general 
form. For this purpose we use a definite modification of light cone gauge. 

Light cone gauge relates a parametrization of the world sheet with some light-like 
vector (gauge axis), see fig.0. In standard approach this vector is non-dynamical, 
e.g. rifj, = (1, 1,0,0...). Because the Lorentz-transformations change the position of 
the world sheet respective to this fixed axis, they are followed by reparametrizations 
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2 String theory in Lorentz-invariant light cone gauge 

of the world sheet. On quantum level the reparametrization group has anomaly, 
which appears also in Lorcntz group and violates Lorentz covariance of the theory. 
This is a main problem of string theory in standard light cone gauge. 

The simple idea how to avoid this problem is to connect the gauge axis with 
some dynamical vector in string theory. In this case the Lorentz-transformations 
move the gauge axis together with the world sheet, and the parametrization on 
the world sheet is not changed. Lorentz group in this approach should be free of 
anomalies. 




= 



Fig.l. Light cone gauge. 
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Fig. 2. World sheet of open string is con- 
structed as a locus of middles of segments, con- 
necting all possible pairs of points on the sup- 
porting curve. 



Implementation of this idea includes the following ingredients. 

Geometrical description of the world sheet Q. Let's introduce a function, 
related with string's coordinates and momenta by expressions 

(1) 



Jo 

x^ia)^iQ^ia)+Q^{~a))/2, p^{a) ^ {Q'^{a) + Q'^{-a))/2 (2) 

(a;,p are even functions of a). In terms of oscillator variables, commonly used in 
string theory: 






(3) 



The curve, defined by the function Q^{(j) (further called supporting curve) has the 
following properties: 

1. the curve is light-like: Q''^{cr) = 0, this property is equivalent to Virasoro con- 
straints on oscillator variables; 



2. the curve is periodical: Q{a + 27r) — Q{cr) = 2P; 
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3. the curve coincides with the world hnc of one string end: x(0,t) = Q{t): the 
world line of another end is the same curve, shifted onto the semi-period: x{7t, t) = 
Qin + t)-P; 

4. the whole world sheet is reconstructed by this curve as follows: x{a, r) = (Q(o'i)-I- 
Q((72))/2, ai,2 = r±f7, seefigg 

5. Poisson brackets for the function Q^{<j), and symplectic form, correspondent to 
these brackets (see Appendix 1): 

{Q^,{cJ),Q,[a)} = -2g^,'^{a-^), (4) 

n^^dP^A dQ^iO) + i / da 6Q'^{a) A SQ^{<j). 

Jo 

Here ^(cr) = [o'/27r] + ^, [x] is integer part of x, a derivative '!?(cr)' = A(cr) is 
periodical delta- function. 

These properties can be easily proven from definition of Q^ (a) and known me- 
chanics in oscillator variables, see Appendix 2. 

Mechanics in center-of-mass frame El. Let's introduce orthonormal tetrad 
of vectors, dependent on total momentum: N"{P), N"N^ = g"^, with iV° = 
P^l/\P^. Let's decompose the supporting curve by this tetrad: (5p(cr) = N'^Q°-{a). 

Lorentz-invariant light cone gauge El. Virasoro constraints generate repara- 
metrizations of supporting curve (see Appendix 2). Gauges to Virasoro constraints 
select particular parametrization on this curve. 

Let's use a parametrization: Q"(cr) = Q"(0) + /J^ da'a°'{a'), 



^(^-Ka)P)e3), 



where a{cr) — \ j; ^ OnC ""^ and ej. is an orthonormal basis in CMF. Here one 

easily recognizes the light cone gauge Q^{a) = n'^Q^iicr) = Q^(0) + -^y ^ (^ with 
the gauge axis nZ = -y={N^ — NJ^e^). The difference from standard approach is 
that n~ is now dynamical vector, because we interpret Bk as dynamical variables. 
Substituting this parametrization into general symplectic form (m , we obtain 

D. = dP^ A dZ^ +^-^ dalAdttk + \ dei A rf(S x e^), (6) 

where Z^ = ^ J daa''{a)(Q^{<j) - U - i)^m) + ^^'"''^"1^^'' i^ ^ean co- 
ordinate, conjugated to P^; F*^ — NldNl/dPf^ - Christoffel symbols and S = 
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~\ J da J dcr' a{a) x a(CT') is an orbital moment of the string in CMF (further 



called spin). The last expression can be written in terms of oscillators Ofe and can 
be interpreted as constraints : 

X3 = 5*3 - As = 0, x^ = S+ - A+ = 0, x^ = S- - A- = 0, where 
Si — S'^e'l is a projection of S onto e^; S"^ — Si± 182; x"*" = xi ± 1x2; 

^3 = XI n«"«»' ^" = yw Yl i"fea»afc+n' ^'^ = c.c. (7) 

n^O fe,Ti,fc+n^O 

Another constraint is given by the requirement of 2P-periodicity of the curve: 

^27r 

2P^ = / dcra^(cr) <^ xo = j^f - Lo^O, Lo^^a^an- 

The obtained symplectic form corresponds to the following Poisson brackets: 

{Zf,,P,y} = g^^, {ak,al} ^ikSkn, k,n eZ/{0}, (8) 

{S\S^} ^ -e'^^S^, {S\ei} = -e'^^e^. 

Algebra of constraints belongs the 1st class: {xoi Xi} = , {xi, Xj} = UjkXk- 

Thus, the string is equivalent to a mechanical system: 

Pfii Zf^ + infinite set of oscillators a^, a^. + the top Gj, S, 

restricted by 4 constraints of the 1st class, which include mass shell condition and 
requirements of the form "spin of the top is equal to the spin of the string" . Con- 
straints generate reparametrizations of the supporting curve: xo generates shift of 
argument Q{<j) -^ Q{a + r) (evolution of the string, see Appendix 2); Xi generate 
the rotations of basis e^ with respect to non-moving supporting curve. 

In more details: xs rotates ei and 62 about 63 and simultaneously rotates 
coefRcients of supporting curve decomposition in opposite direction, so that sup- 
porting curve is not changed: {x3iQ(c)} = 0- Constraints xi,2 generate the ro- 
tations of basis, changing the direction of the gauge axis n~, and they are fol- 
lowed by reparametrization of the supporting curve. In the oscillator variables this 
reparametrization looks like a complicated nonlinear transformation. 

Generators of Lorentz group are defined by expression u 

M^^ = / da{Xf,p^ - x^pf,) = X^P^ - AT^P^ + u^kN^NlS^ , 
Jo 

Xf_i = Zf^ — 2^ijkT ^ S , 

they generate Lorentz transformations of a coordinate frame [N^, Nf^e^), by which 
the configuration is decomposed with scalar coefficients. Thus, Af^;^ generate "rigid" 
Lorentz transformations of the world sheet, not changing its parametrization. Lorentz 
generators are in involution with constraints: {M^i^,xo,i} = 0. 
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Lorentz generators are simple functions of variables (Z, P, S), which in our 
approach arc independent, i.e. their quantum commutators are postulated di- 
rectly from Poisson brackets. As a result, in quantum mechanics the commutators 
[Ai^jy, A£oct], [Mf^i,,Qp\ are anomaly free. This can be proven by direct calculation, 
done in Id. 

The algebra of constraints Xi i^i quantization acquires the same anomaly that 
earlier was in Lorentz group. Thus, our current result is just a transfer of anomaly 
from Lorentz group to the algebra of constraints. However, now we have more 
freedom to solve the problem, because we can impose additional gauges, excluding 
anomalous component in the algebra of constraints. Gauges relate the position of 
gauge axis with other dynamical vectors in the system. 

Gauge 1: let's direct 63 IT S <^ Si = 0, 6*2 = 0. These gauges are in week 
involution with xo.3 j and are the gauges only for xi.2- They are equivalent to 2nd 
class constraints onto oscillator variables: A^ = 0, {^+,A^} = 2iS 7^ 0. The 
reduction of oscillator symplectic form onto the surface of these constraints leads 
to a form of complicated structure. This structure becomes simple for a definite 
restricted class of configurations. 



Configurations with SLxial symmetry. Let's consider supporting curves, whose 
projection to CMF has axial symmetry of order 2 (see fig.^. 



Fig. 3. Supporting curve and the world sheet 
with axial symmetry of order 2 (both are prpi- 
jected to CMF). Computer generated image Q. 




This restriction is equivalent to annulation of all even oscillator variables: a2n = 
0, a2„ = 0, n e Z. On the surface of this restriction the constraints A^ = are 
satisfied identically, because all terms in the sum ^ i'^^fe'^n'^fc+n vanish (if k,n are 
odd, then k + n is even). Reduction on the surface of all constraints will give Poisson 
brackets: 



{Zf^, Pu} = g^^v, {ak,a*^} = ikSkn, 
{S\S'} = -e*^■'=5^ {S\e{} = -e^-'^^ej 



(9) 



the difference from the general case (H) is that indices of oscillator variables here 
are odd, and (S,ei) represents the mechanics of the rotator: Sei = 0, (ei)^ = 1 
(instead of the top in general mechanics). Remaining constraints: xo — -P^/Svr — 
Lq, X3 = S — A3 are of the 1st class. As in general mechanics, xo generates the evo- 
lution Q{(t) -^ Q{(T + t) and X3 does not change the configuration: {xs, Q(o')} = 0. 
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Quantization of this mechanics is straightforward. Canonical operators 
[S'\S^ = ie'^''S\ [S\e{] = ie'^^e\, Sei = 0, (ei)^ = 1 



can be reahzed in a direct product of Fock space (with a vacuum OfejO) =0, fc > 0, 
a^|0) = 0, fc < 0)*^ onto the space of functions ^(P, ei), with definition of opera- 
tors Z = —id/dP, S = — iei x d/dei. Physical subspace is defined by 2 constraints 

( £ - E \k\nk - y\ I*) =0, ( S" - E sign fc • n^ j |*) = (here 5 > is arbi- 

\ odd k / \ odd k J 

trary c-number). Spin-mass spectrum of this mechanics is shown on figJl. It's also 
possible to construct the operator Qp,{<7), which satisfies all necessary requirements: 
is finite, Hermitian and commutators [Q{o'),Xo,3] repeat classical Poisson brackets 
(see El for details). 
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Fig. 4. On the left: spectrum of axially symmetrical configurations; on the right: spectrum of 
general configurations in Gupta-Bleuler's approach; [h -^ +0). 



Remark: general configurations in Gupta-Bleuler's approach. We considered the 
mechanics of restricted configurations. For general configurations one should deal 
with a complicated mechanics, appearing in the reduction on the 2nd class con- 
straints A^ = 0. However, it's possible to construct self-consistent quantum theory 
by methods, deviating from standard Dirac's procedure. For example, let's replace 
two 2nd class constraints by a single constraint: A^ ~ {Ai^2 = 0) ^ A^ A^ = 
Al + Al = 0. Inquantum theory we wiUhave A"A+|*) = ^ (*|A"A+|*) = 0, 
and in positively defined space we are using this is equivalent to A+lvt^ = - the re- 
sult coincides with Gupta-Bleuler's imposition of Hermitian conjugated constraints. 
Additionally we have the constraints (S'-yls)]*) = 0, (P^/27r-Lo-^)|*) = 0, the 
whole set of constraints belongs to the 1st class. Moreover, because Lq = J2 \k\nk, 
at any fixed value of P'^/2tt the mass shell condition defines finite- dimensional sub- 
space, where other constraints act as matrices of finite size. It's easy to resolve the 



^ Such Fock space is positively defined, and occupation number operators n^ = '■ i^ffc • /l^l take 
values: 0,1,2... 
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correspondent linear systems (see Appendix 3) and find the spectrum, shown on 
fig.|, right. 

It's necessary to understand, that the described method is different from Dirac's 
approach, where imposition of constraint xl^) = should imply, that physical 
states are invariant under the action of a gauge transformations, generated by x- 
In our case the replacement of two 2nd class constraints by their sum of squares 
gives a degenerate constraint, which generates no transformations. 

This method of constraints imposition has some physical ground. Let's consider 
a simplest example of 2nd class constraints: a: = 0, p — Q. The Dirac's reduction 
completely eliminates these 2 degrees of freedom. If we replace these constraints by 
a single one: x^ -\- p^ = a* a = 0, after an appropriate choice of quantum ordering 
we will have a constraint a^a\^j = 0, defining the vacuum state, where x^p are 
distributed by Gaussian function with the dispersion h. Taking 7i — !■ 0, we will have 
the same situation, as in classical theory. 

Realization of 2nd class constraints by a single constraint a'la Gupta-Bleuler is 
widespread in literature (example is the method of string quantization, which was 
proposed by_Ilohrlich la and then was extensively used for a construction of hadrons' 
models, see 13). We, however, want to use purely Dirac's methods and now will try 
to quantize the theory in another gauge. 

Gauge 2, general configurations: let's direct ea ± S <^ S'3 = 0. Replacing 

the constraints S^ — A^ = by equivalent combination \S^\ — \A^\ = 0, arg 5'"'" — 
arg A"*" = 0, we see that S'3 = is a gauge only to the last constraint (it generates 
phase rotations of S*^), and is in involution with others. 

Reduction leads to a mechanics, different from general one (g) by a replacement: 
the top Bj, S -^ the rotator 63, S. Mechanics includes three 1st class constraints: 
P^/27r — io = 0, ^3 = 0, S — \/ A+A^ = 0. First two constraints generate phase 
rotations of oscillator variables: a„ -^ a„e~'"'^, a„ -^ One"*"^, and A'^ A^ is a poly- 
nomial of ttmO,^ with such structure, that it is conserved in these phase rotations. 
Because this property can be easily preserved in quantization, the quantum algebra 
of constraints will be free of anomalies. Configuration a" {a) has a form: 

""('^) = (^(^ + Ka)p),^(a(a)A+n+ c.c. ) (10) 

where n= (S — iSxe3)/S'. As earlier, mass shell condition generates the evolution 
Q{a) — > Q{<j + t) and {A3,Q{a)} = (A3 rotates the phases of a(cr) and A+ in op- 
posite directions and conserve a{a)A'^). The constraint S — \/A+A~ = generates 
the rotations of gauge axis about spin vector, and correspondent reparametrizations 
of the supporting curve. 

P-reflection operation can be defined in this mechanics, consisting of two factors: 
n : reflection of the supporting curve w.r.t. a plane, perpendicular to S, which is 
performed by a replacement a„ — > al„ =4> a{a) — > a* (a), A'^ — > —A~] 
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R : rotation of the supporting curve about spin with angle n: 63 —> —63, S = 
Const ^ n ^ n* ; 
so that a(cr) -^ — a((7). 

Remark : in gauge 1 the gauge axis was directed along the spin, which is not changed 
in P-reflection. Thus, the gauge axis is not changed also. As a result, P-reflection 
changes a position of the supporting curve w.r.t. gauge axis and is followed by 
reparametrization. This makes problematic the definition of P-reflection in gauge 1. 



Quantization. Canonical operators: 

[Z^,P,] = -tg^,, [ak,a+] = fc4„, k,n E Z/{0}, [S\S^] = ie'^'S'', [S\ei] 



le 



ijk k 
-3' 



where 863 — 0, (63)" = 1. Realization is analogous to presented above. Opera- 
tors A , defined by the same polynomial expressions as in (|7|), have no ordering 
ambiguities. Three constraints: 

(PV27r-Lo-<5)|*)=0, A3|*)=0, (s - Vi^+A- + A-A+)/2 ) |*) = 

belong to the 1st class. Symmetric ordering under the square root in the last 
constraint was chosen, because it commutes with P-reflection, defined as follows: 

P = i?n, i? = e"^, n = {ak^ a+ J = {\nk) ^ \n^k)} 
=» UA+U = -A-, UA+A-U = A-A+. 

Again, at fixed P"^ /2tt the mass shell condition defines finite-dimensional sub- 
space, where other constraints act as finite matrices. It's easy to solve the eigenvalue 
problem for these matrices (see Appendix 3). 

The main obstacle now is that operators A still have the anomaly in com- 
mutator. If they would not have anomaly, the definition of the square root T = 
yJ{A+A- +A-A+)/2, analogous to 5 = ^S2 + 1/4 - 1/2 ^ S^ = S{S + 1) will 
give integer spectrum for T. But now A^ have anomaly and do not represent the 
rotation group. The spectrum of T is not integer (even in S-like definition), see 
fig.|^. Due to the constraint S — T = Q, 5gZ, T^Z the theory becomes empty. 

This problem (anomaly in spectrum) is absolutely different from the usual one 
(anomaly in commutator). The following solution can be proposed. 

Generally we can add to T any operator, which commutes with all constraints, 
and whose contribution is classically vanishing (e.g. eigenvalues of 5T are bounded 
by Planck's constant: \5Ti\ < Const- K). The corrected variable will have the same 
classical limit as T. With the aid of these corrections we can deform the spectrum 
of T to integer values. There is an infinite number of possible deformations, the 
simplest one: shift eigenvalues of T to the closest integer value below. Because we 
don't change the eigenvectors of T, the constraints remain to be of the 1st class 
(T acts in the subspaces, defined by other constraints). Redefinition changes T 
by operator, whose eigenvalues are restricted between and 1, or when we restore 
Planck's constant - between and h. Therefore, the corrected operator T has the 
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same classical limit '^. After the redefinition T 
shown on fig.H, right. 

lUL ) C 



[T] we have spin-mass spectrum, 
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Fig. 5. On the left: spectrum T{Lo); on the right: integer part of this spectrum. 

Remark : Leading Regge trajectory (starting from the vacuum state Lq = 0) is seem- 
ingly absent in the spectrum. This effect, of course, can be explained as anomaly- 
induced nonlinearity of the leading trajectory Ti{Lo) (fig.||, left). However, there 
are arguments, why the leading trajectory really should be absent in this approach, 
see Appendix 4. 

Vertex operators. The operator a" {a) has ambiguities in ordering. A possible 
definition is: 



a"{a) 




aia)A^ 



2S+1' 



h.c. 



(11) 






63 



Here Z/„ = X^'^fc^fe-n and n = g^^,^ (S — zSx 63 — 63/2), seeB. Configuration opera- 
tor is finite'^, Hermitian and satisfies the relations: [a" {a), Lq] — ia"{(j)' , [a"(cr), A3] = 
0. 

Anomaly can appear in commutator [a"- (a), S — T]'^. In classical mechanics the 
Poisson bracket {a" (a), S — T} is a complicated non-linear expression of indepen- 
dent variables, and we have the ordering ambiguity in definition of correspondent 
quantum expression. In principle, one can try to preserve this commutation relation 
by an appropriate choice of ordering procedure, or by classically vanishing correc- 
tions of simplest definition (111]). However, now we will show, that anomaly in this 



Quasi-classical approximation also gives integer values for T spectrum (T is action-type variable, 
generating 27r-periodical evolution). 

'^Matrix elements of this operator between states with finite number of excited modes are finite, 
"because there are anomalous operators under the square root in T, and because we perform 
redefinitions T ^ [T]. 
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commutator is not crucial for the theory, because in spite of this anomaly, we are 
able to construct the vertex operators, acting in the physical subspace. 

Operators a"(tT) themselves do not act in the physical subspace: a°'{(j)\phys) (/_ 
\physY due to [a"(cr),Lo] ^ 0. Vertex operators are their special combinations. 
For exarrmle, emission of photons from the charged ends of string is described by 
operator U: V"' = Jq^ ^ ■ a"-{a)e'^^^^'^^ : If initial and final states satisfy the mass 
shell condition P^/27r— (P— fc)^/27r e Z, this operator acts in the physical subspace. 
Indeed, acting by this operator on the state: 

^"lg,Xo = 0) = / " l^e^^"" : a"(0)e^'=«W : e-^^°^\^,xo = O) 

(here we explicitly extract cr-dependence by embracing evolution operators), we will 
have the right evolution operator equal to unity, and Jg '^ ^e^^°'^ becomes projector 

to the space with xo = 0. As a result, we obtain physical state I 2tt ' ^o = O) 
^gifcQ(o) includes e^''^ operator, shifting P ^ P — k). 

In analogous way we can define the vertex operator, commuting with the con- 
straint K = S-T: V"" = Q"" 5^^"(t), T^"(t) = e'^'^V^e-'^^ . The r-dependence 
of V°'{t) corresponds to the rotations of gauge axis about spin (transformations, 
generated by A), and we average V^ by these rotations. However, in classical me- 
chanics y" is parametric invariant (constant on r), consequently, V"'{t) — V^ + 
/(r), where all r-dependent terms are /(r) = 0{K). Therefore, the constructed ver- 
tex operator V°' classically corresponds to the same variable V" (changes, performed 
by insertion of evolution operators and averaging are 0(h)). Now it acts in the phys- 
ical space. The proof is analogous: f °|A = O) = j^"" iLe^^^V°'e^^^''\A = O), in the 
presence of the physical state e^*^"^ — 1, and J^^ l^^'^^ becomes a projector to 
A = space. 

Also there is an obvious identity (phys'\V°'\phys) = (phys'\ : a"(0)e*'"''3('') : 
\phys). Thus, in practical calculations it's sufficient to find matrix elements of 
operator : a°'{0)e^'''^^^' : between the physical states. Non-physical states do not 
appear in these calculations. 

Conclusion. We have constructed a quantum theory, which acts in 4-dimensional 
space-time, does not have anomalies in Lorentz group and algebra of constraints, 
and in classical limit represents Nambu-Goto string theory. We considered 3 variants 
of this theory: 

1. quantization of axially symmetrical world sheets (fig.H, left); 

2. quantization of general world sheets by Gupta-Bleuler's procedure (fig.§, right); 

3. quantization of general world sheets by Dirac's procedure (fig.ra, right). 

In the first two cases the quantum theory has no intrinsic difficulties. In the third 
case there is anomaly in spectrum of an operator T, entering into one of the con- 
straints. To obtain non-empty theory, we should perform classically vanishing cor- 
rections of this operator. These corrections are ambiguous, only one variant was 
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considered. Independently on the definition of T, vertex operators can be con- 
structed, acting in the physical subspace. 

Acknowledgment. Author is indebted to Prof. George P. Pronko for valuable 
discussions. The work has been partially supported by INTAS 96-0778 grant. 

Appendix 1: Symplectic structure of the phase space a%. 

In modern formulation of Hamiltonian mechanics the phase space is defined as a smooth manifold, 
endowed by a closed non-degenerate differential 2-form Q, = ^uJijdX'' A dX^ (in some local coor- 
dinates X', i = 1, . . . , 2n). Poisson brackets are defined by the form as {X^, X^} = ui^^ , where 
llcj'^ll is inverse to HuJijIh LOijUi^^ = 5*^. 

Let's consider a surface in the phase space, given by the 2nd class constraints: Xa {X) = (o = 
1, . . . , r), rfei||{xa, X/3}|| 7^ 0. Reduction on this surface consists in the substitution of its explicit 
parametrization X' = X'{u°') (a = 1, . . . , 2n — r) into the form: 



n = -Qabdu'^ A du'', 



n„ 



dX^ 
du" 



dX3 
'"''du^' 



det\\n,,t\\ f^O. 



Matrix ||n°'|| , inverse to ||f!;,i,||, defines Poisson brackets on the surface: {n",n''} = Q"^. 

This method is equivalent to commonly used Dirac brackets' formalism. Sometimes it is 
convenient to combine both methods: some of the constraints Xa {X) are imposed as above, then 
Dirac brackets on the remaining constraints ipn (u) are calculated by definition: 

{M^n''}° = {«",«''} - {n°,Vn}n"'"{V™,«''}, 

where Hn"™!! is inverse to ||n„m||: n„m = {ipn,ipm}- 

In string theory canonical Poisson brackets {a;^{o-),p^(o')} = gfj,,yS(a — a) correspond to sym- 
plectic form Q = j da Sp^{(j) A 6x^{(j). It can be transformed to the form (Uh by a substitution 
of expressions for x^ (c) , p^ {a) in terms of Q^ (cr) ; and then to the form (cl) by substitution of light 
cone parametrization for Qp(o'). 

Spin part of the form Og = -^dei A d(S X e^) corresponds to Poisson brackets (pi). To prove 
this, at first invert coefficient matrix of the form, ignoring orthonormality constraints GiSj = &ij, 
then calculate Dirac's brackets on the surface of these constraints. 

Considering gauge 1, we substitute 63 = S/5, 62 = 63 X ei into the form and find fls = 
dei A d{S X ei). Correspondence of this form to Poisson brackets (Bh can be proven analogously. 

For gauge 2 we use the following property of symplectic form. 



,(k) 




Fig.6. 

Rotation 
of the basis 
for gauge 2. 



Lemma. Let e^ = R ■ Uj, where R (a) is a matrix of ro- 



(fe)r 



tation about axis ni. 



rW 



expaf''''. 



^(fe) 



^ijk- 



Then 



Clg = irfni A rf(S X rii) + da A dSk, where 5^ = n^S is a 
projection of spin vector to rotation axis. 



Proof. Qs = ^dniAd{Sxni)-^{Sxnj,n^.)dRl ' AdR) 



ik 



(k) (k) 

R]JdR]_; A d(n^S). The second term here is propor- 



^S - 2- 

2<^kjl -"-ij. jj 

tional doAdo = 0. Using the identity (i?('=')^dR('=' = f(*)da 
in the third term, transform it to the form da A dSf^ . Lemma 
is proven. 

Let's consider the gauge 2: 63 ± S (figJg), and rotate the basis 
about 63 to align the first axis along S: e^ = i?A ' (a)nj ; 03 = 
63, ni = S/S, n2 = n3 X ni; cos a = 5i/5, sin a = 
—S2/S => a = arg S~ = arg A~ . Because in this rota- 
tion ^3 = 0, the additional term da A dS^ = 0. The resulting 
form can be transformed to Hg = dn^ A d(S X n3), ns = 63: 
the top (ei, S) is replaced by the rotator (63, Sj. Replacement 
in the expression for configuration (p|) transforms it 
to 



to(^. 
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Appendix 2. Geometrical reconstruction of the world sheets 

Properties 1,2 of supporting curve follow from its definition. Property 3 follows from 4 and 2. 
Let's prove the property 4: 

Xt,{(T,T) = (Q^,{a^) + Q^,{cT2))/2, (71,2 =r±fT. (12) 

This formula was obtained in □ by direct solution of Haniiltonian equations in Q-representation. 
Here we will reproduce the proof of this formula in oscillator representation. 

Coordinates and momenta of the string are defined by expressions® 



x^(a) = X„ + ^^^cosn<7, p^(<7) = -i= 



/^ 



a cos ncF, 



SO that formulae (dJ)-(h) are valid. Poisson brackets for canonical variables: 

{a]'^,a';^} = in 9^^ S'''-", {X^,,P^} = g^„. 

Hamiltonian of the system is an arbitrary linear combination of Virasoro constraints: H = 
y^j,fe^fc (L*^ = V^ a"a^~", c''* = c"''). Coefficients c* influence only parametrization of the 
world sheet. The choice H = L^ corresponds to conformal parametrization (where {x' it x)^ = 0). 
This Hamiltonian venerates phase rotations ^"(t) = a"(0)e'"'^ and shifts X^(r) = X^(0) + 
{P^/tt)t. Using (w), we see that the evolution of function Q^{(j) is the shift of its argument: 
Q/j(o", r) = Qij{t + f, 0). Then, using (H), we have the following evolution for coordinates and 
momenta: 

x,.{a, r) = (0^(T + a,0) + Q^{t - a, 0))/2, p^(<7, r) = (Q'^ir + a,0) + Q'^{t - a, 0))/2. 

Introducing isotropic coordinates 0-1,2 = t ± u, obtain formula (|l2[). 

Remark: Using Poisson brackets Mj, we have {Q/j(cr), Q'^((t)/4} = A(cr — a)Q' (a), and for 
H = f da F{a)Q'^{a-)/4: : Q^(o') = {Qij,{a),H} = F(cr)Q' (a), linear combinations of con- 
straints generate shifts of points in tangent direction to the supporting curve, or equivalently - 
reparametrizations of this curve. 

1. Taking F = 1, we will obtain the evolution Q{u) — > Q{t + a) and formula ( |l2[ ) again. 

2. Considering arbitrary F, we will see that the reduced phase space of string (obtained in factor- 
ization of the phase space by the action of gauge group) is actually a set of all possible supporting 
curves, which are considered as geometric images, without respect to their parametrization (two 
different parametrizations of the curve correspond to the same point of the reduced phase space) . 
All physical observables in string theory are parametric invariants of supporting curve. Theworld 
sheet is also reconstructed by the supporting curve in parametrically invariant way, see fig.0. 



Appendix 3: Bases of physical subspaces. 

Gauge 1, axially symmetrical configurations. Basis of physical subspace is given in Table 1. 



See e.g.|]J. Difference of notations: a" in our work corresponds to i^Jna"* in [J (n 



>0). 
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1 
1 1 

1 1 3 

113 5 

1 3 5 10 

3 5 10 16 

5 10 15 27 

9 14 25 37 

12 21 31 51 

16 24 39 58 



— 2 — 4- 6.— 1 1-16-27-40-63 - 



16 24 39 58 
12 21 31 51 
9 



L„ 



Gauge 1, Gupta- Bleuler's approach. FigW shows the 
spectrum of operators (Lqi ^s)- Due to the constraint 
S — A3 = 0, 5 > 0, we should consider only the upper 
part of this spectrum: A3 > 0. 

Operator A+ acts on the level Lq = Const and 
raises A3 by 1. It annulates all states on leading 
trajectory Lq = A3 (among them |Lo = 0, A3 = 
0) and \Lq = l,A-j, = l\). For the states with 
< A3 < Lq, Lq > 2 the multiplicity of states 
on the level N{Lo,A3) has a property N{Lo,A3) > 
N{Lo,A3 + 1). The remaining part of consideration 
is a proof (done by direct computation), that matrices 
A+ = (Lo,A3 + l,i|A+|Lo,A3,j), representing lin- 
ear map A+ : {Lq,A:j) — » (LojAs + l), have maximal 
rank (equal to less dimension A''(Lo, A3 + 1)). There- 
fore, this linear map has a kernel with the dimension 
K(Lo,A3) = N{Lo,A3) - N{Lo,A3 + 1). (Particu- 
larly, the linear map (3, 1) — > (3, 2), marked by arrow 
on fig-M, has exactly 1-dimensional kerneL} Comput- 
ing K{Lo, A3) for the whole spectrum figM we obtain 
the spectrum fig.M, right. Then we solve the linear 

equations A 'J', = 0, and place the result in Table 2. 

'^ ■' Fig. 7. Spectrum (Lq, A3). 

Gauge 2. Operators A^A~,A~A'^ act in subspaces with fixed (Loi^S = 0). Computing matrix 
elements of these operators, and solving eigenvalue problem for their sjonmetrical combination 
C = {A'^ A~ -|- A~ A+)/2, we obtain the spectrum Ti = \/Ci, shown on fig.pl left. The eigenvectors 
of C are presented in Table 3. 

Il-operation, represented by a replacement n(fc) — > n(— fc) in state vector, acts in subspaces 
with fixed (LqjAs = 0) and commutes with C. As a result, all eigenvectors of C have definite 
Il-parity. Multiplying Il-parity by the factor (—1)^, S = [T], obtain P-parity Separate spin-mass 
spectra for the states with definite P-parity are shown on figjS 
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Fig. 8. Spin-mass spectra for the states with definite P-parity (gauge 2). 
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Table 1: basis of physical subspace for gauge 1, axially symmetrical configurations. 
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|1(1)> 
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|2(1)> 
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31 


9|2(1)1(-1))+2|1(3)) 
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Table 2: basis of physical subspace for gauge 1, Gupta-Bleuler's approach. 
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0.0496(|l(-l)l(3)) + |l(l)l(-3))) 
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0.424(|1(1)2(-1)1(2)) - |2(1)1(-1)1(- 
0.558(|l(-2)l(3))-|l(2)l(-3))) + 
0.0972(|l(-l)l(4))-|l(l)l(-4))) 
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-0.450(|1(1)2(-1)1(2)) - |2(1)1(-1)1 

0.406(|l(-2)l(3))-|l(2)l(-3)))- 

0.364(|l(-l)l(4))-|l(l)l(-4))) 


(-2))) + 
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1.41 


0.210(|1(1)2(-1)1(2)) + |2(1)1(-1)1(- 
0.633(|l(-2)l(3)) + |l(2)l(-3)))- 
0.235(|l(-l)l(4)) + |l(l)l(-4))) 


-2))) + 


51- 


1.61 


0.509(|1(1)2(-1)1(2)) + |2(1)1(-1)1(- 
0.0133(|1(-2)1(3)) + |l(2)l(-3))) + 
0.490(|1(-1)1(4)) + |l(l)l(-4))) 


-2))) + 


52- 


2.62 


0.343(|1(1)2(-1)1(2)) - |2(1)1(-1)1(- 

0.156(|l(-2)l(3))-|l(2)l(-3)))- 

0.598(|l(-l)l(4))-|l(l)l(-4))) 


-2)))- 


53- 


3.37 


0.443(|1(1)2(-1)1(2)) + |2(1)1(-1)1(- 
0.315(|1(-2)1(3)) + |l(2)l(-3)))- 
0.452(|l(-l)l(4)) + |l(l)l(-4))) 


-2)))- 



Table 3: basis of physical subspace for gauge 2. 

Remarks. In Tables 1,2 |{n(fe)}) = J] (a^ )"*'"' {«-fe)"'-''''|o)- Norms of these states can be 

fc>0 
calculated by the formula A^ = ({"(fe)}|{n(A;)}) = J] k"Wn{ky. k"<--'^^n{-ky. In Table 3 

k>0 
the states |{n(fc)}) arc normalized: |{n(/c)}) = JV^^/^ H ('^fc )"*'°'(«-fc)"*''°' |o)- Longer ver- 



sinns nf thpse tahlps, nnntinnerl up to va.lnfis 



ittp : //vlswiz . gmd . de/'nikitin/str/lcg . html 



fe>0 
10, can be found in Internet under URL: 



Appendix 4: Singularity on leading Regge trajectory. 

Let's consider the projection of supporting curve in CMF and parametrize it by it's length: Q(L). 
In this parametrization dQo/dL = \dCi/dL\ = 1 (consequently, total length of the curve is equal 
to double mass of the string). Let's consider a point on the supporting curve, in which tangent 
vector dCl/dL is directed opposite to the gauge axis ea, see fig.H. In the vicinity of this point the 
following expansion is valid: dQ/dL = T + N(L - L*) + 0((L - L*)'^), where T = dQ/dL = -ea 
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is unit tangent vector to the curve in the point Q(L*), and N = d?Cl/dL^ ± es is a major normal 
to the curve in this point. Thus, the expansion of {dQo/dL + dQ^/dL) starts from (L — L*)^. 

On the other hand, in light cone gauge (H) dQo/da + dQs/da = dL/da {dQo/dL + dQ^/dL) = 
v/p2/7r = Const, therefore dL/da ~ (L - L*)-^ => (L - L") ~ (cr - a*Y/^. Then dQo/da = 



dL/da r- 
2Vp2/7 



■ dQo/da - P'^/tx'^ ~ (<T - 



Si 



/P^/iT-dQo/da < 
a*)-2/3. 



Qr 



T 




a* 



((T-cr*)-2/3^ and (dQi/daf + {dQ2/daf 

Thus, the light cone gauge parameter- 
izes the supporting curve irregularly in 
the vicinity of point Qi_i{a*). At cr — > cr* 
the components of tangent vector Q^(o-) 
tend to infinity: Q^ ^{a) as {a—a*)~^^^, 

and Q'^ jC"") ^^ {a ~ a*)^^^'^. This type 
of singularity is integrable, it does not 
create any problems for classical theory. 
Particularly, masses of such configura- 
tions are finite. However, such config- 
urations require an infinite number of 
excited modes in Fourier expansion of 
a,{a) = Qj(o") — iQ'2{a). This makes 
problematic a consideration of such con- 
figurations in quantum theory, where 
the states with finite mass necessarily 
have finite number of filled modes. 

For string theory in d = 4 the described singularity is not crucial, because the alignment of 
Q'((T*) ti 63 can be removed by a small deformation of the curve, so the configurations with such 
singularity are rare in the whole phase space. (This singularity is a real obstacle for d = 3. In 
2-dimensional CMF such alignment cannot be removed by a small deformation, and most of string 
configurations become infinite-modal in light cone gauge.) 

In the case, if the gauge axis is selected perpendicular to the spin (gauge 2), the described 
singularity appears on the leading jRegge trajectory. Leading trajectory corresponds to circular 
supporting curves (straight strings lil), and for any direction of the gauge axis, perpendicular to 
the spin, a point on the circle exists with tangent opposite to the gauge axis. This singularity is 
a possible reason for disappearance of the leading trajectory in quantization. 
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